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ABSTRA CT

In this manuscript, we further develop our concepts for the free-
ying occulter space-basedmission, Umbral
Missions Blocking Radiating Astronomical Sources(UMBRAS). Our optical simulations clearly show that an
UMBRAS-lik e mission designed around a 4-m telescope and 10-m occulter could directly image terrestrial
planets. Such a mission utilizing existing technology could be built and 
o wn by the end of the decade.
Moreover, many of the other proposedconceptsfor Terrestrial Planet Finder (TPF) could signi�can tly bene�t
by using an external occulter.

We present simulations for an optical design comprising a square aperture telescope plus square external
occulter. We show that the entire di�raction pattern, which is propagated from occulter to telescope and
through telescope to focal plane, may be characterized by two parameters, the Fresnel number and the ratio
of the telescope diameter to the occulter width. Combining the e�ects of a square occulter with apodization
providesa much more rapid roll-o� in the PSF intensity betweenthe di�raction spikesthan may beachievedwith
an unapodized telescope aperture and occulter. We parameterizeour results with respect to wavefront qualit y
and compare them against other competing methods for exo-planet imaging. The combination of external
occulter and apodization yields the required contrast in the region of the PSF essential for exo-planet detection.
An occulter external to the telescope (i.e., in a separatespacecraft,as opposedto a classicalcoronagraphwith
internal occulter) reduceslight scatter within the telescope by approximately 2 orders of magnitude. This is
due to lesslight actually entering the telescope. Reducedscattered light signi�can tly relaxesthe constraints on
the mirror surfaceroughness,especially in the mid-spatial frequenciescritical for planet detection. This study,
plus our previous investigations of engineering as well as spacecraft rendezvous and formation 
ying, clearly
indicates that the UMBRAS concept is very competitiv e with, or superior to, other proposedconceptsfor TPF
missions.
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1. INTR ODUCTION

One of the \Holy Grails" of astrophysics is the detection of earth-like planets around nearby stars. Sofar, radial
velocity studies of nearby solar-type stars have discovered over 100Jupiter-sized planets (seepapers by Mayor,
Queloz, Marcy, Butler, Fisher, Noyes, Cochran, Hatzes, and many more investigators, too many to be listed
here). Thus, there are more than 10 times the number of known planets outside asinsideour solar system. Some
systemsare unlike our own Solar System in that they are dominated by giant, Jupiter-lik e planets, orbiting
within a fraction of an A.U. of the primary.

Direct imaging has the potential to detect both Jupiter and Earth-lik e planets at large distancesfrom their
primaries. Visually, planets shineby re
ected starlight, making them di�cult to imageagainst the glare of their
parent stars. Current direct imaging capabilities are limited to ground-basedcoronagraphicand adaptive optics
(AO) imaging with 8-m or larger telescopes1 and with the instruments onboard the Hubble SpaceTelescope
(HST). 2 To date, none of theseplatforms has imaged any veri�able exo-planet.

Figure 1. Relativ e con�guration of an occulter operating with a space telescope. The view is from above the plane
containing the Sun, occulter, and telescope. The separation and sizesof the occulter and telescope are not to scale.

Our previous studies have shown free-
ying occulters in combination with a space-basedtelescope are a
promising meansto imageand study nearby exo-planets.3{5 Figure 1 presents the formation con�guration of a
coronagraphicsystemconsisting of an external free-
ying occulter and spacetelescope. At optical wavelengths,
conventional Lyot coronagraphshave, at best, achieved contrast enhancements of � 104 in the 5-10 Airy ring
annulus6 . Simulations of an apodized square aperture spacetelescope suggestthat a contrast enhancement
of � 106 could be achieved in the sameannular region. Further simulations of an apodized square aperture
telescope in combination with a free-
ying square occulter indicate that the contrast enhancement could be
boosted to � 108. Sincea terrestrial planet, in re
ected light, is typically 10 orders of magnitude dimmer than
the central star, i.e. the luminosit y ratio of the planet to star is 10� 10, a space-basedapodized telescope plus
external occulter systemshould be able to directly image terrestrial planets.

2. OPTICAL MODELING

Optical simulation of an external occulter and a spacetelescope is a two stepprocessmodeling Fresneldi�raction
from the occulter to the telescope aperture and Fraunhofer di�raction from the aperture to the focal plane.
Fresneldi�raction occursbecausethe di�racting obstruction (occulter) is at a �nite distance from the telescope
entrance pupil plane. Figure 2 shows a schematic of the system. Herein we derive the equationsfor propagation
of the electric �eld from the occulter to the telescope entrance pupil and subsequently through to the telescope
focal plane.7, 8

2.1. Occulter to Focal Plane Propagation

Free spacepropagation of the scalar electric �eld is described by the spatial Helmholtz wave equation with
appropriate boundary conditions:

5 2E(~r ) + k2"E (~r ) = 0 (1)



Figure 2. Simpli�ed Schematic of External Occulting Coronagraph. Light from a stellar source is di�racted by the
occulter and is intercepted by the telescope entrance pupil. The telescope both changesthe phase and amplitude, then
focusesthe source at the detector plane.

where ~r = (x; y; z) is a point in space,E(~r ) is the scalar electric �eld at that point, and k = 2� =� and " = 1
are the wavenumber and permitivit y in free space,respectively, where � is the wavelength.

Equation (1) can be reducedfrom a 2nd order partial di�eren tial equation to a 2nd order ordinary di�eren tial
equation for planar boundary conditions. If we let the planar boundary conditions be oriented along the x � y
plane, then equation (1) can be written as:
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where (f x ; f y ) are the Fourier conjugate variables (spatial frequencies)to (x; y). The solution to (2) is given by:
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i.e., the angular spectrum representation. For planar boundary conditions free spacepropagation is as simple
as taking the Fourier transform of the boundary conditions, multiplying by a phasor, and applying the inverse
Fourier transform. In practice numerical evaluations of (3) for larger \z" are di�cult due to the required large
computational array sizes.For solutions to the �eld closeto the z-axis, we can adopt the Fresnelapproximation
by applying a binomial expansionto the squareroot term in equation (3) and keepingonly the �rst two terms:
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We reversethe order of integration using the integral of equation (3) to yield the Fresnel integral:
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The electric �eld at the occulter plane can be modeled as:

E(x; y; 0) = E0 f 1 � �( x; y; W )g (6)

where E0, the electric �eld amplitude incident on the occulter, is assumedto be constant for a point source
at in�nit y. Here, �( x; y; W ) is the shape function of the occulter and is unit y within the occulter and zero
elsewhere.This type of occulter is essentially a planar blocking mask of width \W".

Propagation to the telescope entrance pupil is given by inserting (6) into the Fresnel integral (5) and
evaluating:

E(x0; y0; z) = E0e� ik z
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The electric �eld at the telescope entrance pupil is seento be the di�erence of two terms: (i) a plane wave that
would exist without the occulter and (ii) a defocussed(quadratic phasefactor in integral) Fourier transform of
the occulter shape function.

The apodized pupil function of the telescope can be modeled as the electric �eld transmittance T(x0; y0)
where T(x0; y0) is zero outside the telescope pupil and is less than or equal to unit y, depending on choice of
apodization function.

Propagating the electric �eld from the entrance pupil to the focal plane is accomplishedby the Fraunhofer
integral for the focusing system:
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�F

e� i �
�F [x 002 + y 002 ]

Z Z
dx0dy0T(x0; y0)E (x0; y0; z)e� i 2�

�F (x 0x 00+ y 0y 00) (8)

Inserting equation (7) into equation (8) givesa singleexpressionfor the focal plane point spreadfunction (PSF):
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where ASF is the amplitude spread function; i.e., the Fourier transform of the 2D apodized pupil function.
F P represents Fresnelpropagation and F T represents Fourier transform. The inverseFourier transform of the
Fresnel propagated occulter shape function will give a blurred image of the occulter in the focal plane. This
convolved with the ASF will spreadthe blur even larger. Subtracting this from the ASF will remove the core
and someof the wing structure of the PSF. Combining this with pupil apodization will causean even greater
increasein contrast.

2.2. Circular Symmetry

If we assumea circular occulter with radius of R and a circular telescope with diameter D, then equation (7)
can be simpli�ed to a 1D integral. With circular symmetry the 2nd term in equation (7) de�ned by:
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with the de�nitions:

x � r cos(� ) and y � r sin (� )
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Evaluating the 2nd integral (Abramowitz and Stegun) yields:
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Assuming circular symmetry, equation (7) becomes:
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where � is the radial coordinate in plane of the exit pupil of the telescope and R is the radius of the occulter.
Equation (15) can be evaluated with 1D quadrature for each value of � .

2.3. Square Symmetry

For a squareocculter and a squareaperture telescope, equation (7) is separableinto 2 integrals, 1 per dimension,
of the form:

E(x0; y0; z) = E0e� ik z
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and using the de�nitions of Fresnel integrals (Abramowitz and Stegun):
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to yield (details to be presented elsewhere):
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Thus, the electric �eld at the telescope's entrance pupil is seento be a combination of Fresnel integrals
which can be evaluated by standard numerical methods (see e.g. Abramowitz and Stegun, pg 299, equation
7.1.29, or Numerical Recipes in C). Equation (18) is symmetric in both x and y since U(� x0) = U(x0) and
V (� x0) = V (x0). The shape of the �eld at the telescope is dependent only on the Fresnel number de�ned by
FN � W 2=�z . The Fresnel number is a dimensionlessparameter where W is the characteristic width of the
mask (\o cculter"), � is the wavelength, and z is the distance of the occulter from the aperture. The FN � 1
regime is called Fraunhofer di�raction, while FN � 1 producesFresneldi�raction. Intermediate regimesrequire
more di�cult analysis, but can be treated using scalar di�raction theory.

If we look at the form of (18) at the origin, i.e. x0 = y0 = 0, then U(0) = 2C
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Thus, the relative intensity is given by:
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where I 0 is the intensity of the plane wave incident on the occulter.



3. OPTICAL SIMULA TIONS

A seriesof computer simulations wereconductedto evaluate Equation 9, the expressionfor the focal plane point
spreadfunction (PSF). The di�raction propagation results for the �elds and intensity at the telescope entrance
pupil are presented in the Section\On-Axis Intensity at Telescope Pupil" and in the focal plane of the telescope
in the Section \T elescope Point Spread Function (PSF)." We show that the energy distribution is favorable,
yielding an increasein the planet-to-stellar contrast.

3.1. On-Axis In tensit y at Telescop e Pupil

The on-axis relative intensity at the telescope pupil, Equation 22, is evaluated and presented in Figure 3 plotted
versusFresnelNumber (FN ). The on-axis relative intensity falls rapidly for increasingFN , asthe occulter moves
closer to the telescope. At the position of the occulter, the intensity would be zero. Notice that periodic nulls
occur in the intensity. Thesenulls will be smearedout for increasingspectral bandwidth. This relation, along
with the telescope size(i.e. required resolution and sensitivity), de�nes the sizeof the occulter, telescope, and
its distance from the occulter.

Figure 3. On-axis relativ e intensity versus FN . The intensity is \measured" at the telescope aperture.

Wenext evaluate the meanrelative intensity for a squareocculter in the planeof the telescope pupil. Figure 4
shows how the amount of starlight entering the telescope varies with di�ering ratios of the telescope diameter
to occulter width (D=W). The reducedamount of light entering the telescope and the corresponding reduction
in light scatter indicates that the required optical surfacesmoothnessis only �= 100 to �= 200, well within the
capability of current technology, and much more relaxed than that required for other SIM9 and TPF 10 mission
concepts.

Once the telescope sizeexceedsthe occulter size(D=W > 1), there is little gain in an external occulter over
an internal occulter since most of the starlight reaches the telescope. Also in Figure 4 is a plot showing the
intensity distribution of the starlight entering the telescope. The intensity distribution becomesincreasingly
complex for increasingFresnelnumber, as the occulter movescloserto the telescope. Correspondingly, Figure 5
presents the calculated images of the wavefront. At larger Fresnel numbers, the telescope falls increasingly
into the shadow of the occulter. Note that using the Fresnel number (FN ) and

p
�z as units allows us to use

parameterswithout adopting a speci�c systemsizeor distance of propagation.

The intensity may be further reduced by apodizing the telescope. Figure 6 shows the relative intensity
averagedacrossthe entrance pupil of the telescope, when apodization is applied at the telescope entrance pupil.
As expected, apodization lowers the mean intensity � 1 order of magnitude. Although the light from a planet
is also reduced by the sameamount, there is a net gain since the di�racted light outside the stellar PSF core
is reduced. Combining an occulter with apodization allows us to redistribute the energy, reshaping the �nal
image and concentrating more energy into the core of the stellar PSF.



Figure 4. Left, Mean Relativ e Intensity at Telescope Entrance Pupil vs. Fresnel Number. Right, Relativ e Intensity at
Telescope Entrance Pupil vs Beam Parameter. Intensity is nearly uniform in the far-�eld (FN � 1) and shows increasingly
complex behavior as the occulter and telescope are moved increasingly into the Fresnel domain (closer spacing).

Figure 5. Illustrativ e Plots of Relativ e Intensity at Telescope Entrance Pupil. For larger FN , the shadow of the square
occulter emergesbut becomesmore uniform with decreasingFN , as the occulter moves to the far �eld.

Figure 6. Mean Relativ e Intensity at Ap odized Telescope Entrance Pupil vs Fresnel Number.



Figure 7. Ap odized Point Spread Functions (PSFs). Left, PSFs for D =W = 1. Right, PSFs for D =W = 0:5. Ten orders
of magnitude reduction in PSF can be achieved as closeas � 3�=D .

3.2. Telescop e Poin t Spread Function (PSF)

We now evaluate Equation 9 at the focal plane of the telescope for the special caseof a squareocculter and a
squareaperture telescope with and without apodization applied. Figure 7 shows two setsof plots. The left set is
for an occulter and telescope of the samesizeand the right set for a telescope 1=2 the sizeof the occulter. From
these plots, it is evident that the intensity of the PSF can be reduced to below 10� 10 as closeas � 3�=D for
someparameter combinations. This is quite interesting sinceit shows that the free-
ying occulter and apodized
telescope are a viable candidate architecture for imaging terrestrial planets around the nearby stars.

Figure 8. Un-Ap odized and Ap odized Point Spread Function (PSF) with D =W = 1:0.

Figure 9. Un-Ap odized and Ap odized Point Spread Functions (PSF) with D =W = 0:5.

Figures 8 and 9 show the PSFs for D=W = 1:0 and D=W = 0:5 respectively. Figure 8, top and bottom
rows show the PSFs without and with apodization respectively, for a squareocculter and squaretelescope, for



Figure 10. The ratio of the stellar 
ux to the planetary 
ux in a (�=D )2 pixel as a function of angular separation
betweenthe planet and star. As D =W increases,the contrast decreasesfor a given separation. Note that for D =W = 0:1
and FN = 10, high contrast is achieved at smaller separations (�=D ).

a telescope of D=W = 1. Figure 9, top and bottom rows show the PSFs without and with apodization for a
telescope of D=W = 0:5. Both Figures 8 and 9 vary in Fresnelnumber from 1 to 10 from left to right.

Figure 10 shows the in-pixel contrast, i.e. the ratio of the star 
ux to the planetary 
ux in a (�=D )2 pixel,
as a function of angular separation between the planet and star. Two sets of plots are shown for FN equal 2
(left) and 10 (right), respectively. On each plot, the ratio of telescope size to occulter width (D=W) ranges
from 0.1 to 0.9. Inspection shows that for FN = 2, the contrast exceeds1010 for angular separations� 5�=D
and is nearly independent of D=W. At FN = 10, the contrast exceeds1010 for angular separationsgreater than
� 4�=D and the contrast is a stronger function of D=W. We �nd, at even higher Fresnelnumbers, the contrast
exceeds1010 as close as � 3�=D . These results show that systemswith HST-lik e optics (surface roughness
�= 100 to �= 200) and corresponding light scatter should detect earth-like planets as closeas � 4�=D .6 For a
4-m telescope at 5500 �A , �=D = 0:02800.

The actual detection contrast for terrestrial planets is obtained by multiplying the luminosit y ratio by the
\in-pixel contrast" (Figure 10). Thusat 6 Airy rings (6�=D ), wewould expect a contrast of � 100;the terrestrial
planet would appear to be � 100 times brighter than the stellar background due to di�racted and scattered
light. At 5 Airy rings, we would expect a contrast of � 1 � 10.

4. SUMMAR Y AND CONCLUSIONS

We have developed analytical and computational models for an apodized free-
ying occulter and space-based
telescope. The results presented herein are for perfect optics, i.e. no deformations, misalignments, light scatter,
micro-roughness,transmission errors, or polarization e�ects are included. For the idealized case,this method
of imaging planets is comparable to other proposed methods, which include an apodized aperture telescope,
internal coronagraph,and spaceinterferometry.

Studying terrestrial and giant planets about stars is one of the primary goals of NASA's Origins Pro-
gram. There have beenmany di�eren t methods proposedto directly detect (image) and obtain low-resolution
spectroscopy of exo-planets, terrestrial as well as Jovian type planets. These include space interferometry,
space-based�lled-ap erture telescopes(apodized aperture or internal coronagraph), and ground-basedadaptive
optics (AO). A space-basedfree-
ying occulter type mission has several important advanceswhen comparedto
the existing proposedmissions;(i) starlight is reducedbeforeentering the telescope, (ii) light scatter within the
telescope is reduced due to lessstar light entering the telescope as well as fewer obstructions within the tele-
scope, and (iii) the optical tolerancesare reduced to existing current technology HST-type optics. We suggest
that a free-
ying occulter and space-basedtelescope combination, for the purpose of detecting and studying
exo-planets, can be built and launched with existing technology by the end of the decadewith a minimum
amount of development.
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